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Abstract Weintroduce some definitions related to semicontinuity of multivalued mappings
and discuss various kinds of semicontinuity-related properties. Sufficient conditions for the
solution sets of parametric multivalued symmetric vector quasiequilibrium problems to have
these properties are established. Comparisons of the solution sets of our two problems are also
provided. As an example of applications of our main results, the mentioned semicontinuity-
related properties of the solution sets to a lower and upper bounded quasiequilibrium problem
are obtained as consequences.

Keywords U-lower (or upper)-level closednesss - U-Hausdorff-lower (or upper)- level
closedness - U-lower (or upper)-semicontinuity - U-Hausdorff-lower (or upper)-semicon-
tinuity - (Hausdorff) lower or upper semicontinuity - U-inclusion property - Symmetric
quasiequilibrium problems - Lower and upper bounded quasiequilibrium problems -
Solution sets

1 Introduction

The equilibrium problem, introduced in Blum and Oettli (1994), has been being studied
intensively so far with more and more general problem settings to include various practical
optimization-related problems. The first main focus has been made for existence conditions,
see e.g., recent papers and references therein: Bianchi and Schaible (2004), Tusem and Sosa
(2003), and Hai and Khanh (2007a) for equilibrium problems, Tan (2004), Luc and Tan
(2004), and Hai and Khanh (2007b) for variational inclusion problems, Ansari et al. (2000,
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2002), Lin (2006), and Hai and Khanh (2006) for systems of equilibrium problems and
Hai and Khanh (2007c) for systems of variational inclusion problems. Recently, to model
generally symmetric features in varying problems in practice, a symmetric quasiequilibrium
problem was proposed in Noor and Oettli (1994). This result was extended to the vector case
in Fu (2003), and Farajzadeh (2006) and to the multivalued case in Anh and Khanh (2007c).

Stability is a vital subject of applied mathematics. However, for the above-mentioned
problems there have been limited number of works in the literature, see Bianchi and Pini
(2003, 2006), Anh and Khanh (2004, 2006, 2007a), submitted for publication Ait Mansour
and Riahi (2005), and Haung et al. (2006). To the best of our knowledge, no paper has been
devoted to stability of symmetric equilibrium problems. This motivates our commitment in
this note: investigating semicontinuity of the solution sets of these problems at a general
setting. Moreover, we try to highlight kinds of semicontinuity, proposing also some semi-
continuity-related definitions to have a better insight. We pay attention on relationships of
kinds of semicontinuity-related properties too.

In the sequel, if not otherwise stated, let X, Y, and Z be Hausdorff topological vector
spaces. Let A and M be topological spaces. Let K € X, D € Y be nonempty. Let C C Z be
closed with nonempty interior intC. Let S, A: K x Dx A - 2K T'B: K x D x A —
2P F:KxDxKxM—2%andG : Dx K x Dx M — 27 be multivalued mappings.
The parametric symmetric quasiequilibrium problems under our consideration consist of, for
A, ) e AXM,

(SQEP)) finding (x, y) € K x D suchthatx € S(x,y,1),y € T(x,y, A), and

F(x,7.x* )N (Z\ —intC) # @, ¥x € S(&, 7, 1), Va* € A(F, 7, ),
Gy, x,y*, ) N (Z\ —intC) # #,Vy € T(X,y, 1), Vy* € B(X, ¥, 1);

(SQEP;) finding (x, y) € K x D suchthatx € S(x,y,1),y € T(x,y, A), and

F(x,y,x", u) © Z\ —intC,Vx € S(x, y, 1), Vx* € A(X, y, ),
G(y,x,y", ) € Z\ —intC,Vy € T(x,y,4),Vy" € B(x, , ).

Note that sufficient conditions for the solution existence of these problems were pro-
vided in Anh and Khanh (2007c). Therefore, we now focus only on the solution stabil-
ity, assuming that the referred solution always exists. Notice also that our problem setting
includes all that of Noor and Oettli (1994), Fu (2003), and Farajzadeh (2006) for symmetric
quasiequilibrium problems and hence of course that of quasiequilibrium problems (when
Y=X,G(y,x,y")=C,B(x,y) =D and T (x,y) = clS(x, y)).

The layout of the paper is as follows. We supply some definitions and preliminaries in the
rest of this section. In Sect. 2, we derive various kinds of semicontinuity of multivalued map-
pings and the relations of this concepts. Section 3 is devoted to kinds of lower semicontinuity
of the solution sets, while different types of upper semicontinuity are the subjects of Sect. 4.
In the next Sect. 5 we discuss some comparisons of the solution sets of our two problems.
Applications to a lower and upper bounded quasiequilibrium problem are presented in the
final Sect. 6.

Recall now some notions. Let X and Y be as above and Q : X — 2Y be a multifunction.
Q is called lower semicontinuous (Isc) at xq if: Q(xg) NU # ¢ for some open subset U C Y
implies the existence of a neighborhood N of x¢ such that, Vx € N, Q(x) NU # #. Q is
upper semicontinuous (usc) at xg if for each open subset U 2 Q(xp), there is a neighborhood
N of xo such that U D Q(N). Q is said to be Hausdorff lower semicontinuous (H-1sc) at
x if for each neighborhood B of the origin in Y, there is a neighborhood N of x¢ such that
O(x0) € Q(x) 4+ B,V¥x € N. Q is termed Hausdorff upper semicontinuous (H-usc) at xq if
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the last inclusion is replaced by Q(x) € Q(xgp) + B, Vx € N. Q is called closed at xy if, for
each net (xy, yo) € graphQ :={(x, y) | y € Q(x)} : (xg, Yo) = (0, Y0), Yo € Q(xp). We
say that Q satisfies a certain property in a subset A C X if Q satisfies it at every point of A.
If A=domQ := {x | Q(x) # ¥} we omit “in domQ” in the saying.

The following assertions are known and we give a reference only in cases of nonpopular
statements.

(a) Qislscat xg if and only if Vx4 — x0. Vy € Q(x0), Iyqy € Q(xa), Yo — V-

(b) Q is closed if and only if graphQ is closed.

(c) Qisclosed at xg if Q is H-usc at xg and Q(xp) is closed (Anh and Khanh 2004).

(d) Q is H-usc at xq if Q is usc at xo. Conversely, Q is usc at xq if Q is H-usc at xo and
Q(xp) is compact (Anh and Khanh 2004).

(e) Q isuscat xg if Q(A) is compact for any compact subset A of domQ and Q is closed
at xg.

(f) Qisuscatxg if Y is compact and Q is closed at xg.

(g) Q islIsc at xq if Q is H-lIsc at xo. The converse is true if Q(xp) is compact (Hu and
Papageorgiou 1997).

2 Various kinds of semicontinuity

We propose some definitions related to semicontinuity to have a better insight as follows.

Definition 2.1 Let X be a Hausdorff topological space, Y be a topological vector space,

O:X—=2Yandp£UCY.

(i) Q iscalled U-lower-level closed at xq if Q(xg) C clU whenever Q(xy) C clU, Ya for
some net x, — xg (cl(.) means the closure of (.)).

(i) Q is said to be U-Hausdorff-lower-level closed at xq if there is o, Q(xo) \clU <
Q(xg) + B whenever a net x, — x¢ and B is a neighborhood of 0.

(iii) Q is said to be U-upper-level closed at xg if Q(x9) € —intU whenever Q(xy) &
—intU, Vo, for some net x, — xg.

(iv) Q is termed U-Hausdorff-upper-level closed at xo if, for each neighborhood B of
0, Q(xp) + B £ —intU whenever a net x, — xg exists with Q(x,) € —intU, Va.
Note that if intU = ¢ then each Q satisfies both (iii) and (iv). Furthermore, recall that
Q is U-lower-level closed means that Q is U-lower-level closed at every x € domQ.

Next we define other relaxed semicontinuity properties.
Definition 2.2 Let X, Y, Q and U be as in Definition 2.1.
(1) Q is said to be U-lower semicontinuous (U-lsc) at x¢ if
[xe = X0, Q(x0) NintU # ¥] = [Fa, Q(xg) NintU # Y.

(ii) Q is said to be U-Hausdorff-lower semicontinuous (U-Hlsc) at x if, for any x, — xo
and B (a neighborhood of 0 in Y), there is & such that Q(xo) NintU < Q(xz) + B.
(iii) Q is called U-upper semicontinuous (U-usc) at xq if

[x¢ — X0, Q(x0) € intU] = [Ja, O(xg) < intU].
(iv) Q is termed U-Hausdorff-upper semicontinuous (U -Husc) at x if, for

[xo¢ — x0, Q(x9) +B C intU for some neighborhood B of 0]
— [da, O(xz) C intU].
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(v) Q iscalled lower semicontinuous with respect to U at xq if, Vxq — x0, Vy € Q(xo)\U,
ye € OQ(xa)s Yoo = -

Similarly as for Definition 2.1 here intU may be empty.

The following two examples explain that the properties of the above definitions are very
easily satisfied. Moreover, the notions in Definition 2.1 are in a sense quite different from
that in Definition 2.2.

Example 2.1 Let X =Y = R, U = [0, 1]and Q : R — 2% be defined by

g it x =0,
ot = ([3,2], it x #0.

Then Q satisfies all the four properties of Definition 2.1, but Q does not fulfilled any one
among (i)—(iv) of Definition 2.2 (it satisfies (v)).

Example 2.2 Let X =Y = R, U = Ry and Q : R — 2R be defined by

=1 =30 i x =0,
QW) = [(0, 2, if x #£0.

Then, Q meets all conditions (i)—(iv) of Definition 2.2, but Q violates each property of
Definition 2.1.

On the other hand, the following proposition shows that the above two definitions are
closely related in another sense.

Proposition 2.1 Let X, Y, Q, and U be as in Definition 2.1.

(1) Qis U-lsc at xo if and only if Q is Y \U-lower-level closed at x.

(ii) Q is U-Hlsc at xq if and only if Q is Y \U-Hausdorff-lower-level closed at x.
(iil) Q is U-usc at xq if and only if Q is —U -upper-level closed at x.
(iv) Q is U-Husc at xq if and only if Q is —U -Hausdorff-upper-level closed at x.

Proof By the similarity we demonstrate only (i) and (iv).

(i) For the “only if” suppose Q is U-lsc at xq but there is x, — xo such that Q(x,) C
cl(Y\U) = Y'\intU but Q(xg) € Y \intU. Then Q(xp) NintU # @. Since Q is U-Isc
at xo, there exists & with Q(xz) NintU # @, which is absurd.

For the “if” suppose Q is Y\ U-lower-level closed at x( but there exists x, — xo such
that Q (xg) NintU # @ and Q(xy) NintU = @, Ya. Then Q(xy) € Y\intU = cl(Y\U).
Since Q is Y'\U-lower-level closed at xq, the last inclusion implies a contradiction that
O(xp) C Y\intU.

(iv) For the “only if” suppose Q is U- Husc at x( but a net x,, tending to xg exists such that
Q(xy) € intU, Yo, and there is a neighborhood B of 0 such that Q(xg) + B C intU.
As Q is U- Husc at xq, the last inclusion implies that 3, Q(xz) C intU, which is
impossible.

For the “if” suppose Q is —U-Hausdorff-upper-level closed but there are x, — xo, a
neighborhood B of x¢ such that Q(xp) + B < intU and Q(xy) € intU, Yo. Then, by the
—U-Hausdorff-upper-level closedness, Q(xo) + B € intU for each neighborhood B of 0, a
contradiction. O

The following assertion justifies the terminology used in Definition 2.1.
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Proposition 2.2 Let X, Y, Q, and U be as in Definition 2.1.

(1) Q is U-lower-level closed if and only if the lower-level set {x | Q(x) C clU} is closed,

if and only if Q is Y\U-Isc.

(1) Q is U-upper-level closed if and only if the upper-level set {x | Q(x) € —intU} is
closed, if and only if Q is —U -usc.

(iil) Q is Isc at xq if and only if Q is U-lower-level closed at xq for each U C Y.

(iv) QisHliscat xq ifand only if Q is U-Hausdorff-lower-level closed at xq for eachU C Y.

(v) Q is usc at xq if and only if Q is U-upper-level closed at xq for each U C Y.

(vi) Q is Husc at xq if and only if Q is U-Hausdorff-upper-level closed at xq for each
Ucy.

Proof (i) and (ii) are obvious.

(iii) “If”. Suppose that Q is U-lower-level closed for each U C Y but for some open
subset V with Q(xo) NV # @ thereis x, — xo with Q(xq)NV = @. Then Q(xy) C Y\V :=
U = clU. By the U-lower-level closedness Q(xp) € clU = Y\V,ie Q(xo) NV =0, a
contradiction.

“Only if.”  Suppose that Q is Isc at xg but there are x, — xp and U C Y with Q(xy) C
clU, Vo, and Q(xp) £ clU, i.e., some yg € Q(xp)\clU exists. By the lower semicontinuity
at xg, there is yy € Q(xy), Yo — Yo- As Yy € clU, yg € clU, which is impossible.

(iv)—(vi) Itis checked similarly as (iii). ]

The next proposition justifies the termins employed in Definition 2.2.

Proposition 2.3 Let X, Y, Q and U be as in Definition 2.1

(1) Q) islscatxyg € X ifand only if Q(.)\clU is Isc at xo forallU C Y.
(1) Q(.) islsc at xg € X if and only if Q(.) is Isc with respect to U at xo forallU C Y.
(iii) Q(.) isusc at xo € X if and only if Q(.)\—intU is usc at xo forallU C Y.
(iv) Q(.) is Husc at xo if Q(.)\—intU is Husc at xo for all UCY. The converse is true if
QO (xo) is compact.

Proof (i) To check the “only if” let yg € Q(x¢)\clU and x, — xp. Since Q(.) is Isc at x,
there is y, € Q(x4), Yo — Yo. Because yg ¢ clU we can assume that y, ¢ clU, Va, i.e.,
Yo € Q(xq)\clU. This means the lower semicontinuity of Q(.)\clU.

For the “if”” suppose that Q is not Isc at xgp, i.e., yg € Q(xp), Ixqy — x0,VVy €
O(xq), Yo 7> yo. Take arbitrarily a closed subset U which does not contain yy. Then any
Vo € Q(xg)\clU C Q(x4) cannot tend to yg. This contradicts the lower semicontinuity of

Q()\clU.
(ii) and (iii) are proved similarly.
(@iv) For the “if” let U be such that intU = @.
For the “converse”, if Q(xp) is compact and Q(.) is Husc, by Proposition 3.1 (Anh and

Khanh 2004) Q(.) is usc at xo. Hence Q(.)\ —intU is usc at xg for all U C Y by (iii). Due
to (d) in Sect. 1, Q(.)\—intU is Husc at xo forall U C Y. ]

The following example shows that in (iv) the compactness of Q(xg) is essential.

Example 2.3 Let X =Y =R, Q(x) = (x,x+4),x0 =0,and U = (—4, =2).

It is clear that Q(.) is Husc at 0 (Q(.) is not usc at 0), but Q(.)\ —intU is not Husc at
0. Indeed, let x,, = % and B = (—1, 1). Some direct computations show that x, — 0 and
O(xp)\—intU = (%, 21U [4, %—%4) Z Q(0)\—intU + B = (0,2]+ B = (—1,3),Vn. The
reason is that Q(0) = (0, 4) is not compact.
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The following proposition is not hard to verify, gives additional relations and helps to have
a clear insight.

Proposition 2.4 Let X, Y, Q, and U be as in Definition 2.1.

(i) Q islsc at xq if and only if Q is U-Isc at xq for all U.
(1) Q isusc at xo if and only if Q is U-usc at xo for all U.
(iii) Q is U-Isc, U-usc, U-Hlsc or U-Husc at xq if and only if Q is intU-Isc, intU -usc,
intU-Hlsc or intU -Husc at x, respectively.
(iv) U-Hausdorff-lower semicontinuity implies U -lower semicontinuity. The converse is not
true even under compactness assumptions.
(v) U-upper semicontinuity implies U-Hausdorff-upper semicontinuity. If Q(xo) is com-
pact then the converse is true at x.
(vi) Q is Isc with respect to U at xq if and only if Q is lsc with respect to V at x, for all
VoUu.
(vii) Q is Isc with respect to U at xo if Q(.)\U is Isc at xo. The converse is true if U is
closed.

The following Examples 2.5 and 2.6 show that in (v) and (vii) we do not have the inverse
implications without the respective compactness and closedness. Example 2.4 ensures that
the converse of (iv) is not true even under the corresponding compactness assumption.

Example 2.4 Let X, Y, and x¢ be as in Example 2.3, and let U = R4, Q(0) = [0, 2] and
Q(x) = [0,1] for x # 0. It is easy to see that Q(.) is Ry-Isc at 0 and Q(x) is com-
pact Vx € R. But Q(.) is not Ry-Hlsc at 0. Indeed, picking B = (—%, %) we see that

Vxy = 0,xy #0, 0(0) NintRy = (0,2]  Q(xy) + B = (—3, 3). Va.

Example 2.5 Let X, Y, Q, and xg be as in Example 2.3, and let U = (0, 4). We easily see that
Q(.)is U-Husc at 0, but Q(.) is not U-usc at 0, since Q(0)Z(0, 4) but, for x,, = %, Qxp) £
0, 4), Vn.

Example 2.6 Let X, Y, and xq be as in Example 2.3, Q(x) = [|x|, |x| +2] and U = (0, 1].
Then Q(0)\U = {0} U (1,2] and Q(x) = (1, |x| 4+ 2], Vx # 0. Hence Q(.)\U is not Isc at
0 but Q(.) is Isc with respect to U. The reason is that U is not closed.

The following definition in Anh and Khanh (2004) is closely related to Definition 2.2.

Definition 2.3 Let X, Y, Q and U be as in Definition 2.1.

(1) Q is called to have the U -inclusion property at xg if [x, — X0, Q(x0) N (Y\—intU) #
¥l = [Fa, Q(xz) N (Y \—intl) # V].

(i) Q is said to have the strict U-inclusion property at xo if [xo — xo, Q(xp) € Y\
—intU] = [Fa, Q(xz) € Y\ —intU].

Note that the difference between Definitions 2.2 and 2.3 is that the set intU in the former
is always open and Y \ —intU in the latter is always closed. An example of a mapping with
both the U-inclusion and strict U-inclusion properties is F in Example 3.3 and F and G in
Example 3.4.

@ Springer



J Glob Optim (2008) 41:539-558 545

3 Lower-semicontinuity-related results

In the sequel let Sol; (A, 1) and Soly (A, ) be the solution sets of (SQEP;) and (SQEP»),
respectively, at (A, n) and let

EQ) :={(x,y) [x €Sk, y,1),y €T,y 1}

Theorem 3.1 Assume for problem (SQE Py) that, for) #U C X x Y,

(i) E()\clU is Isc at ro;
(iiy) S, T, A, and B are usc and compact valued in K x D x {Ao};
(iii{) Fand G are (Z\ — C)-Iscin K x D x K x {10} and D x K x D x {ug}, respectively;
(iv1) foreach (3, 5) € Soli (o, ko),

F(x,y,x% o) N (Z\ = C) #0,¥x € S(x, y, ko), Vx* € A(X, ¥, Xo),
G(y, X, ¥, o) N (Z\ = C) #@B,¥y € T(X, ¥, r0), V¥* € B(X, J, ho).
Then Sol (., .) is U-lower-level closed at (\g, |L0).
Proof Arguing by contraposition, suppose the existence of (Ay, tg) — (1o, o) such
that Solj(Ay, ng) S clU, Vo, but (xg, yo) € Solj (Ao, o) \clU exists. Then V(xy, yo) €
Soli (Aa; Ha), (Xas Ya) 7> (x0, yo). Since E()\clU is Isc at Ao, there is (Xq, o) € E(Aa)\
clU, (Xq, Yo) —> (X0, o). By the contradiction assumption, there exists a subnet (Xg, yg) ¢
Soli(Ag, ip), VB. This means the existence of X5 € S(Xg, yg. Ap), X5 € A(Xp, Yp, hp),
F(ip. 5. 55. up) € —intC, M

or for some yg € T (Xg, yg, Ap), y; € B(xg, yg, Ap),

Assume that (1) is fulfilled. Since S, A are usc at (xg, yo, o) and S(xo, Yo, A0), A(x0, Yo,
*o) are compact, one has Xo € S(xo, Yo, X0), X5 € A(xo, yo, Ao) such that g — Xo, )EE —
X, (taking subnets if necessary). By (ivi), we have

F (X0, yo, X5, o) N (Z\ — C) # @. 3
By the (Z\ —C)-lower semicontinuity of F at (X, yo, )E(’)", o), we see a contradiction between
(1) and (3). If (2) holds, the reasoning is similar. ]

To emphasize the symmetry and other relations between the assumptions of our theorems
we adopt some subscripts and superscripts. A subscript 1 as in (i]) means that this assumption
is about lower semicontinuity. A superscript | as in (iii%) says that this assumption in imposed
to get a lower semicontinuity result.

Taking into account Propositions 2.2 and 2.3 we obtain the following immediate conse-
quence of Theorem 3.1.

Corollary 3.1 Assume for problem (SQE Py) assumptions (ii,) — (ivy) of Theorem 3.1.
Assume further that

(i) E islsc at ho.

Then Soly (., .) is Isc at (Ao, o).
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If X =Y, K = D, then setting S(x, y, ) := S(y,A), T(x,y, 1) :=clS(y, A), A(x, y,
A) = Ay, L), B(x,y,A) = K, F(x,x,x*, ) := F(x,x*, u) and G(y, x, y*, nu) = C,
our problems (SQEP;) and (SQEP,) collapse to problems (Pgy,) and (Psy,), respectively,
investigated in Anh and Khanh (Anh and Khanh (2007a)). The following example shows
that in this case Corollary 3.1 improves Theorem 2.2 in Anh and Khanh (Anh and Khanh
(2007a)).

Example 3.1 Let X =Y =R, A=M =1[0,1],K =R,C = R4+, S(x, ) = [0, 1], A(x,
A) ={x}, A0 =0and

{1} if » =0,

{2} otherwise,

F(x,x* 1) = [

Then all assumptions of Corollary 3.1 are fulfilled. By this corollary the solution set is Isc at
0 (in fact Sol; (1) = [0, 1], VA € [0, 1]), but Theorem 2.2 in Anh and Khanh (2007a) cannot
be applied since F is not Isc at 0.

Furthermore, if in addition, A(x, A) = {x} then our problems become (QEP) and (SQEP),
respectively, studied in Anh and Khanh (2004). Example 3.1 shows also that Corollary 3.1
is strictly stronger Theorem 2.1 in Anh and Khanh (2004).

The following example shows that the rather strong and oddly looking assumption (iv)
cannot be dropped.

Example 3.2 Let X =Y =Z =R, A=M=1[0,1],C =Ry, Sx,y,A) =T(x,y, %) =
ACx, y,2) = B(x,y, 1) = [0, 11, F(x, y, x*, 1) = {A(y — )}, G(y, x, y*, 1) = {1} and
*o = 0. Then (i) — (iii%) are clearly satisfied. However, some direct computation gives
Sol;(0) = [0, 1] and Sol; (1) = {1} for each A > 0 and hence Sol;(.) is not Isc at 0. The
reason is that (iv) is violated.

Although assumption (ivy) is essential, it together with (iiif) can be replaced by a condition
relating F and G as follows.

Theorem 3.2 Assume (i;) and (iiy,) as in Theorem 3.1 and replace (iiif) and (ivy) by

(iii1) F and G have the C-inclusion propertyin K x D x K x {uo}and D x K x D x {10},
respectively.

Then Sol (., .) is U-lower-level closed at (Ag, 110).

Proof The first part of the proof of Theorem 3.1 (until the last sentence before (3)), using only
(i1) and (ii,) remains valid here. Now assumption (iii1) together with the fact that (xg, yo) €
Sol (Ao, po) imply the existence of By, B2 such that F(Xg,, ¥, , i;l g )N(Z\ —intC) # @
and G (3g,, Xp,, )72;2, wg,) N (Z\ —intC) # @, which contradicts (1) or (2), respectively. O

We clearly have a direct consequence as follows.
Corollary 3.2 Assume (ii,) and (iiiy) as in Theorem 3.2 and replace (i;) by
(i) E islscat ho.
Then Sol; (., .) is Isc at (Ao, (o).

When the symmetric quasiequilibrium problems are particularized as quasiequilibrium
problems, Corollary 3.2 coincides with Theorem 2.2 in Anh and Khanh (2004). The follow-
ing example shows that the assumptions of this corollary are easier to check than that of
Theorem 2.1 in Anh and Khanh (2007a).
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Example 3.3 Let X, Y, A, M, K, C, Ao be as in Example 3.1 and S(x, 1) = [A, A+ 1], A(x,
A) = [sina, 2] and

{0} if A =0,

{1} otherwise.

F(x,x*, 1) = [

It is easy to see that all assumptions of Corollary 3.2 are fulfilled but it is difficult to verify
the openness of Uy, in Theorem 2.1 of Anh and Khanh (2007a).

The main advantage of assumption (iiiy ) is that it does not require any information on the
solution set Sol; (Ao, o). Moreover, (iii;) may be satisfied even in cases, where both (iii%)
and (iv) are not fulfilled as shown by the following example.

Example 34 Let X =Y =Z=R, A=M=[0,1,K=D=R,C=R;,Sx,y,A) =
T(-x’yv)‘) = A(-x’yv)") = B(X,y,)») = [0, 1],)\-() =0and

0} if A=0,

Faydon={ 0"~ =
{1} otherwise,
- {0} if A=0,

Gy, x,y,0) =1, .
{5} otherwise.

Then, it is not hard to see that (i), (iiy) and (iiij) are satisfied and, according to Theorem
3.2, Sol; (.) is Isc at O (in fact Sol{(A) = [0, 1], for all A € [0, 1]). Evidently (iii}) and (ivy)
are not fulfilled in this case.

The following example shows that the assumption (i}) is essential.

Example 3.5 et X =Y =Z =R, A =M =[0,11,K =D = R,C = Ry, 9 =
0,A(x,y,2) ={x}, B(x,y,A2) ={y} and

=1 if A=0,
S(x’y’k)_[[—x—l,()] if A £0,
T(x,y, »)={1},
F(x,y,x", 1) = G(y,x,y", 1) = {l}.

Then all assumptions but (i{ ) of Corollaries 3.1 and 3.2 are satisfied. In fact, E(0) = [—1, 1] x
{1} and EQL) = [ — 1,0] x {1},VA # 0. So E is not Isc at A9 = 0. However for
U=CxC,E0)\clU =[-1,0) x {1} and E(A)\clU = [-X —1,0) x {1} for A # 0
and hence E(.)\clU is Isc at Ag. Checking directly we see that Sol; (0) = [—1, 1] x {1} and
Solj(A) = [—A—1,0] x {1} for A # 0. Then Sol; (.) is U-lower-level closed at Ao but Sol; (.)
is not Isc at Ag.

Passing to problem (SQEP;) we easily get the following corresponding results, which are
given without proofs.

Theorem 3.3 Assume for problem (SQE P»), (i;) and (ii,) of Theorem 3.1. Assume further
that

(iiifl) F and G are (Z\ —C)-uscin K x D x K x {uo} and D x K x D x {u}, respectively;
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(iv2) for each (x,y) € Sola(ho, po),
F(x,5,x% o) € Z\ —C,Vx € S(X, ¥, ko), Vx* € A(%, §, 1),
G(y, %,y", o) € Z\ — C,Vy € T(, ¥, 20), Vy* € B(X, y, ho)-
Then Sol,(., .) is U-lower-level closed at (Lg, |10).

Corollary 3.3 Assume (ii,), (iii,i) and (ivy) as in Theorem 3.3 and replace (i;) by
(i) E islsc at Ao.
Then Soly(., .) is Isc at (Ao, o).

Example 3.1 shows also that Corollary 3.3 strictly includes Theorem 2.3 in Anh and Khanh
(2004) and Theorem 2.2 in Anh and Khanh (2007a).

Theorem 3.4 Assume for problem (SQE P»), (i7), and (ii,). Assume further that

(iiiz) F and G have the strict C-inclusion propertyin K x D x K x{uo}and D x K x D x {10},
respectively.

Then Sols(., .) is U-lower-level closed at (Lo, [L0)-

Corollary 3.4 Assume (ii,) and (iiiy) as in Theorem 3.4 and replace (i;) by
(i) E islsc at k.
Then Soly(., .) is Isc at (Ao, o).

Corollary 3.4 coincides with Theorem 2.4 in Anh and Khanh (2004). In comparison with
the corresponding result of Anh and Khanh (2007a), Example 3.3 gives a case where the
assumptions of this corollary are easier to be checked (than that of Theorem 2.1 in Anh and
Khanh (2007a)).

Example 3.4 indicates also that (iii) may be satisfied even when both (iii}l) and (ivp) are
violated, since here F and G are single-valued and (iii;) coincides with (iii).

We now proceed to Hausdorff lower semicontinuity.

Theorem 3.5 Assume for (SQEP) (iiy), (iiif), and (ivy) of Theorem 3.1. Assume further,
for® #U C X x Y, that

(i) E is Isc with respect to intU at Ao, E(Ao)\intU is compact and S(., ., Lo) is closed in
K x D x {Ao};
(ii) S(., ., 0), TC(., ., o), A(.,., Ag) and B(., ., Lo) are lsc;
(iii) F(.,., no) and G(., ., no) are —C-uscin K x D x K and D x K x D, respectively.

Then Soly (., .) is U-Hausdorff-lower-level closed at (Ao, [L0)-

Proof We first show that Sol; (Ao, 1t0) is closed in X x Y. Suppose that (x4, yy) € Sol; (Ao,
#0), (Xa» Ya) = (x0, y0)-If (x0, yo) & Soly (Ao, po). Then there exist X € S(x0, Yo, A0), X

€ A(xo, Y0, 10),
F (X0, yo, X3, o) € —intC, 4)

or Jo € T (x0, Yo, 20), ¥§ € B(x0, y0, X0),
G (3o, x0, Yo o) S —intC. 5)
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Suppose (4) is fulfilled. Since S(.,., Ag) and A(., ., Ag) are Isc in K x D, there are
Xo € S(Xas Yo, 20), X5 € A(Xa, Yo, ro) such that (e, x3) — (X0, x3). As (Xa, o) €
Sol; (rg, (o), we have

F (X, Yo x&kv o) € —intC. (6)

By the —C-upper semicontinuity of F(.,.,., no) in K x D x K, we see a contradiction
between (4) and (6). The argument for the case, where (5) holds, is similar. Hence, Sol; (A¢, 140)
is closed and hence Sol; (Ao, o) \intU is compact, by (i).

We show that V(Ay, te) — (ho, o), Y(x0, yo) € Soli(ro, o) \ intU, I(xy, yo) €
Soli (Mg, Ha), (Xas Yo) — (X0, Y0). Suppose to the contrary that there exist (Ay, o) —
(X0, o) and (Xg, Yo) € Solj (Ao, o) N ((X X Y)\intU) such that V(xy, yy) € Soli(Ag, L),
(X, Yo) 7> (X0, ¥0). Since E is Isc with respect to intU at Ag, there is (xy, yo) € E(Xy), (Xq,
Yo) = (X0, Yo). By the contradiction assumption, there exists a subnet (xg, yg) ¢ Sol;(Ag,
ig), VB. The further argument to see a contradiction is similar as that of Theorem 3.1.

Now suppose that Sol; (., .) is not U-Hausdorff-lower-level closed at (Ao, (o), i.e., 3B (a
neighborhood of the origin in X x Y), Ay, o) — (X0, to) such that Vo, I(x0y, Yoo) €
Soly (Xo, (o) \ clU, (X0q, Yoo) ¢ Soli(Aq, ie) + B. Since Solj(ro, o) \intU is compact,
we can assume that (xoy, Yoo) — (X0, Yo) € Solj(Xg, to) \intU. So we can suppose that
there are o1, a neighborhood By of 0 in X x Y with By + By € B and b, € B such
that, Yoo > a1, (X0u, You) = (x0,Y0) + by. By the preceding part of the proof there is
(Xq, Yo) € Soli(Ag, Ma), (X, Ya) — (x0, yo) and hence, one can assume that there is
o, Va > an,

(Xa» Ya) € (x0, y0) — B1,

i.e., there exists b, € By, (xq, Ya) = (X0, yo) — b,. Hence Voo > g = max{ay, a2},

(X0as Yoo) = (x0, Y0) + by = (Xa, Yo) + bl; + by € (Xg, Yo) + B.

This is impossible due to the fact that (xoy, Yoou) ¢ Soli(Ay, o) + B. Thus, Sol; (., .) is
U-Hausdorff-lower-level closed at (Ao, o). ]

Propositions 2.2, 2.3 and Theorem 3.5 derive the following result.

Corollary 3.5 Assume all assumptions as in Corollary 3.1 and Theorem 3.5 but (i), and
replace (i) by

(i) E isIsc at Ay and E (Lg) is compact.
Then Soly (., .) is Hisc at (Lo.100).

The following example explains the essentialness of the compactness of E (o).

Example 3.6 Let X =Y =Z =R, A=M=[0,1,K=D=R,C=R;,Sx,y,A) =
Alx,y,2) = {x}, T(x,y,A) = {Ax}, Bx, y, 1) = {y}, F(x, y,x*, ) = G(y, x, y*, u) =
{1}.

It is clear that E(L) = {(x,Ax) € R?> | x € R}. So, E is Isc; S, T, A, and B are con-
tinuous and have compact values in K x D x A; F and G are continuous and compact
valued in R*. Hence, all assumptions of Corollary 3.5 but (i) are fulfilled. It is easy to see
that Sol; (M) = E(A) = {(x, Ax) | x € R}. Thus, Sol;(.) is Isc in R. But VAg € A, Sol;(.) is
not Hlsc at A, since YA # A/, H(Soll(k), Soll(k’)) = +00, where H(., .) is the Hausdorff
distance. The reason is that E(Ag) is not compact.
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Similarly, we obtain the following results corresponding to Theorems 3.2-3.4 and Corol-
laries 3.2-3.4.

Theorem 3.6 Assume all assumptions of Theorem 3.5 but (ii ill) and (ivy) . Assume further
that

(iiiy) F and G have the C-inclusion propertyin K x D x K x {uo} and D x K x D x {uo},
respectively.

Then Soly (., .) is U-Hausdorff-lower-level closed at (Ao, j10)-

Corollary 3.6 Assume all assumptions of Theorem 3.6 but (i), and replace (i) by
(i') E islsc at Lo and E (o) is compact.
Then Soly (., .) is Hisc at (Lg.1t0).

Theorem 3.7 Assume all assumptions of Theorem 3.3 and (i), (ii) of Theorem 3.5. Assume
further that

@i"y F(.,.,., pno) and G(., ., ., no) are —C-lsc.

Then Sol(., .) is U-Hausdorff-lower-level closed at (Ao, o).

Corollary 3.7 Assume all assumptions of Theorem 3.7 but (i) and replace (i) by
(i') E isIsc at Ly and E (o) is compact.

Then Soly (., .) is Hlsc at (Ag.[0).

Theorem 3.8 Assume all assumptions of Theorem 3.7 but (iii ) and (ivy). Assume further
that

(iiiy) F and G have the strict C-inclusion propertyin K x Dx K x{uo}and D x K x D x{uo},
respectively.

Then Soly(., .) is U-Hausdorff-lower-level closed at (Ao, o).

Corollary 3.8 Assume all assumptions of Theorem 3.8 but (i) and replace (i) by
(i') E is Isc at Ly and E(Ao) is compact.
Then Sol (., .) is Hisc at (Lo.[0)-

Example 3.6 shows also that the assumed compactness of E (1) is essential for Corollaries
3.6-3.8, since the C-inclusion properties are satisfied and F and G are single-valued.

4 Upper-semicontinuity-related results

Theorem 4.1 Assume for problem (SQE Py) that, forU C X x Y,

(iy) E()\—IntU is usc and E(Aro)\—intU is compact;
(i) S, T, A, and B are lscin K x D x {Ao};
(iii})) Fand G are (—C)-uscin K x D x K x {jo} and D x K x D x {uo}, respectively.

Then Sol (., .) is U-upper-level closed at (1g, [10)-
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Proof Reasoning ab absurdo suppose the existence of (Ay, (te) — (Ao, o) such that
Soly (Ay, o) € —intU for all @ but Sol; (Ao, o) € —intU. Then there exists (xy, Vo) €
Solj (Ay, e)\—intU. By (iy) one can assume that (x4, yy) tends to some (xg, yo) € E(Ao)\
—intU. If (xq, yo) ¢ Solj (Ao, (o) then there are Xo € S(xo, yo, Ao), xé‘ € A(xo, Yo, 10),

F (X0, yo, X3, no) € —intC, 7
or for some Jy € T (x0, Yo, 20), ¥§ € B(x0, Yo, 20),

G (Jo. X0, ¥p» o) S —intC. (8)

If (7) is fulfilled, then since S and A are lsc at (xg, yo, o), there exist Xy
€ S(Xa, Yar Aa)s X3 € A(Xq, Yo, Ao) such that X, — Xo,x; — xj. As F is (=C)-usc
at (Xo, yo, x5, o) there must be then an & such that F (%3, yz, x5, g) S —intC, which is
impossible as (xg, yz) € Solj(Ag, ia)- If (8) holds one gets a similar contradiction. Thus
(x0, ¥y0) € Solj(Xo, o) S —intU, which contradicts the fact that (xy, y4) ¢ —intU for
all . O

Corollary 4.1 Assume (ii;) and (iii)}) as in Theorem 4.1 and replace (i) by
(i},) E isusc and E(Ao) is compact.
Then Sol; (., .) is both usc and closed at (Ao, (o).

Proof The upper semicontinuity follows immediately from Theorem 4.1 and Propositions
2.2 and 2.3.

Suppose that Sol; (., .) is not closed at (i, o), i.e., there is a net (Ay, Lo, Xo» Vo) —
(X0, Mo, X0, yo) With (xg, Yo) € Solj(Ay, te) but (xo, yo) ¢ Solj(Xo, o). Then we repeat
the second part of the proof of Theorem 4.1 to get a contradiction. O

In the case where our problems are reduced to quasiequilibrium problems investigated
in Anh and Khanh (2004) and Anh and Khanh (2007a), Corollary 4.1 improves Theorem
3.1 in Anh and Khanh (2004), Theorems 3.1 and 4.1 in Bianchi and Pini (2003), while this
corollary is weaker than Theorem 3.1 in Anh and Khanh (2007a) (but this corollary is easier
to use). Example 3.1 shows also that this corollary is strictly stronger than Theorem 3.1 in
Anh and Khanh (2004), since F is a single-valued function. The following example ensures
that Corollary 4.1 improves the corresponding results in Bianchi and Pini (2003).

Example 4.1 Let X =Z =R, A=M =R, K =[0,1],C = R4, S(x,A) = K, A(x, )
{x}, Ao = 0 and

{0} if A =0,

{1} otherwise.

F(x,x*, 1) = [

Then all assumptions of Corollary 4.1 are fulfilled. Hence, this corollary yields the upper
semicontinuity of the solution set, but Theorems 3.1 and 4.1 in Bianchi and Pini (2003) do
not work, since F' is neither pseudomonotone nor a-upper-level closed for all « > 0.

Similarly one can obtain the same properties for problem (SQEP;) as follows.

Theorem 4.2 Assume for problem (SQEP;) (i), and (ii;) as in Theorem 4.1. Assume further
that

(iii}) Fand G are (—C)-Iscin K x D x K x {jo} and D x K x D x {0}, respectively.
Then Sols(., .) is U-upper-level closed at (1g, o).
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Corollary 4.2 Assume (ii;) and (iii}') as in Theorem 4.2 and replace (i) by
(i},) E isusc and E(Ao) is compact.
Then Sol,(., .) is both usc and closed at (Ao, [L0).

For the special case of quasiequilibrium problems Corollary 4.2 is weaker than Theorem
3.1 in Anh and Khanh (2007a). Example 3.1 explains that it improves Theorem 3.4 in Anh
and Khanh (2004).

The following example shows that assumption (i) in Corollaries 4.1 and 4.2 is essential.

Example 4.2 LetX=Y=Z=R, A = M=[0, 1], K=D=R, C=R4, %0=0, A(x, y, \)={x},
B(x,y,A)={y}and

Sx,y,A) = (=1 —1,A],
T(.X, ya)") = {_1}9
F(x,y,x",0) =Gy, x,y*, 1) ={1}.

Then it is easy to see that all assumptions but (if,) of Corollaries 4.1 and 4.2 are fulfilled.
For (i,) we check directly that E(A) = (=1 — 1, A] x {1} is not compact at 1o = 0, but
forU = C x C, E(0)\—intU = [0, 1] x {1} and hence E(Ag)\ —intU is compact and
E(.)\—intU is usc. By direct computation we get Sol; (A) = (—X — 1, A] x {—1}, which is
neither usc nor closed at Ao = 0, although Sol; (.) is U-upper-level closed at .

As mentioned in Sect. 1, our problems (SQEP;) and (SQEP,) include a wide range of
optimization-related problems (see e.g., Anh and Khanh (2007b), Anh and Khanh (2007c)
for more details about this inclusion). Hence one can derive consequences for these problems
from the results here. In Sect. 6 we discuss corollaries only for one among these problems. In
the example below we show how the typical classical problem of minimizing a (numerical)
function satisfies the assumptions of Corollaries 4.1 and 4.2, to ensure the applicability of
our general results.

Example 4.3 Let X be a Hausdorff topological vector space, M be a topological space,
K C X be compact and ¢ : K x M — R be a function. Consider, for © € M, the problem

(MP)  ming(x, 10).
xekK

SetY =X, A=M,Z=R,C=R.,D=K,S(x,y,A) =T(x,y,2) =K, Ax, y, X)
=B(x,y, M) = {x}, F(x,y,x*, u) = o(x, u) — o(x*, n) and G(y, x, y*, u) = {1}. Then,
(SQEP)) and (SQEP») become (MP). It is easy to see that assumptions (i), (iiy) of Corol-
laries 4.1 and 4.2 are satisfied and G fulfils (iiiy) and (iii}') (they coincide in this case). This
assumption for F,i.e., F is —Rj-uscin K x K x {uo}, means that

[A(xa, X;, Ha) = (X0, xE)ks o), Ve, (X, fa) — (/)(x:xkv M) = 0]
= [p(x0, t0) — ¢(xg, 110) = O1.
This in turn is equivalent to saying that the function (x, x*, u) — @(x, u) — @(x*, n) is
R -upper-level closed in K x K X {uo}. So for (MP), Corollaries 4.1 and 4.2 say that if the
function (x, x*, u) = ¢(x, u) — p(x*, u) is R4-upper-level closed in K x K x {uo}, then

the solution set of (MP) is usc at wo. (In this case the upper semicontinuity coincides with
the closedness.)

Passing to Hausdorff upper-level closedness we see that the assumptions can be weakened
correspondingly as follows.
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Theorem 4.3 Assume for problem (SQEP1) that, for 9 #U C X x Y,
(iny) E()\—intU is Husc and E (Ao)\ —intU is compact;
(iiy) S, T,Aand B arelscin K x D x {Ao};
(iiipy) F and G are —C-Huscin K x D x K x {0} and D x K x D x {uo}, respectively;
(ivy) VB(open neighborhood of 0in X x Y),V(x, y) ¢ S1(*o, no) + B, ABz (neighbor-
hood of 0 in Z), 3x € S(x, y, Ao), 3x* € A(x, y, Ag) such that

F(X,y,x*, pno) + Bz € —intC,
ordy € T(x,y,ry),y* € B(x, y, o) such that
G(J,x,y*, o) + Bz < —intC.
Then Sol (., .) is U-Hausdor{f-upper-level closed at (1g, 10)-

Proof Suppose to the contrary that there are a net (Ay, (ty) — (A0, o) and an open neigh-
borhood B of 0 in X x Y such that Solj(Ay, ty) € —intU for all o but Sol; (A, o) +
B C —intU. There exists then (x4, y¢) € Solj(Ay, o)\ —intU. By the compactness of
E (Ao)\—intU and the Hausdorff upper semicontinuity of £ (.)\—intU at Ao, we can assume that
(Xas Yor) = (x0, yo) for some (xo, yo) € E(Xo)\—intU. If (xo, yo) ¢ Sol;(ro, i0) + B, then
(ivp) yields some neighborhood Bz of 0in Z and some Xo € S(xo, Yo, 20), X} € A(x0, Yo, o)
such that

F (X0, Y0, X3» o) + Bz S —intC, ©

or some Yo € T (xo, Y0, 20), ¥} € B(x0, Yo, »0) such that
G (o, X0, ¥ o) + Bz S —intC. (10)

Assume that (9) is satisfied. Taking the lower semicontinuity of S and A at (xp, yo, 20)
into account one has Xo € S(Xa, Yas Aa)s Xg € A(Xq, Ya» Ao) such that (Xg, x3) — (X0, x).
Since F is —C-Husc at (X0, yo, Xj, i0), there is some & such that F(Xz, Ya, Xa*» Ha) C
—intC, which is impossible, since (xg, ya) € Soli(Ag, ia). The case of (10) is analogous.
Thus (x0, yo) € Solj (ro, o) + B € —intU. This in turn contradicts the fact that (x4, yo) ¢
—intU for all «. ]

Taking into account Proposition 3.1 in Anh and Khanh (2004) and Propositions 2.2 and
2.3 we obtain the following immediate consequence of Theorem 4.3.
Corollary 4.3 Assume (iij), (iiipy,), and (ivy) as in Theorem 4.3 and replace (iny) by
(i;m) E is Husc and E(Ag) is compact.
Then Sol (., .) is Husc at (Ag, o).

The newly imposed assumption (ivy) cannot be dropped even for the case of quasiequi-
librium problems as shown by Example 3.2 in Anh and Khanh (2004). Furthermore, for the

special case of quasiequilibrium problems, Corollary 4.3 improves Theorem 3.2 in Anh and
Khanh (2004) and it coincides with Theorem 3.2 in Anh and Khanh (2007a).

5 Comparison of the two solution sets
We have seen a symmetry between the sufficient conditions for the two solution sets Sol;
and Sol, to be U-lower-level closed or U-upper-level closed. The following examples show

that these are far from necessary conditions and the two sets may be or not be U-level closed
to very different extends.
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Example 5.1 (Sol; is continuous, Sol, is not lower or upper-level closed). Let X = YV =

Z =R A=M=1[0,1,K =D =R,C = Ry, Ax,y,)) =

{x}, B(x,y,4) =

{y}, SCx, y, 1) =T(x,y,4) =[-1,1],A0 =0 and
1 [=1,1] if A=

F(x,y,x*, 1) = A +x9[=1.1] i ‘0’

(1 —x*[—1,1] otherwise,

* 1+ y9H[—1,1] if A =0,
Gy =1 "7 ,

(1 —y"[—1,1] otherwise.

It is easy to see that Solj(A) = [—1,1] x [-1,1],VA € A and Sol,(0) = {-1} x
{—1}, Sola (M) = {1} x {1}, VA € (0, 1]. So Sol;(.) is satisfied all kinds of U-semiconti-
nuity at 0. Taking U = R4 x R4, we see that Solx(.) is neither U-lower-level closed at 0
nor U-Hausdorff-upper-level closed at 0. Indeed, V)»a — 0, Solz(ka) = {1} x {1} € clU,
but Sol,(0) = {—1} x {—1} ¢ clU, and with B = (— 2) X (—f é), Solx(Ay) ¢ —intU,
but Sol,(0) + B = (—5, 2) X (——, ——) C —intU.

Example 5.2 (Sol; is not lower-level closed, Sol; is continuous). Let X, Y, Z, A, M, K, D,
C,A,B,S, T,U,and g be as in Example 5.1 and

*—x,1} if A=0,

F(x,y,x*, %) = b 0y .
{x* —x}  otherwise,
*—y, 1} if A=0,

G(y,x,y", ) = {y* A
{y*—y}  otherwise.

One sees that Sol; (0) = [—1, 1] x[—1, 1], Sol; (A) = {1} x {1} for A € (0, 1] and Soly (1) =
{1} x {1} for all A € [0, 1]. Hence Sol; (.) is not U-lower-level closed at 0 and S, (.) satisfies
all kinds of U-level closedness at 0.

Example 5.3 (Sol; is not Hausdorff-upper-level closed, Sol; is continuous). Let X, Y, Z, A,
M,K,D,C,A,B,S,T,U,and Ag be as in Example 5.1 and

— x* if =0,

Flr,y,x*n= X701 if A=
{x —x*, 1} otherwise,
—y* if A=0,

Gy, x.y*.3) = {y=y1 i :
{y — y*, 1} otherwise.

Then Sol; (0)={—1} x {—1}, Sol;(A\)=[—1,1] x [—1,1],VA € (0, 1], Sol,(M\)={—1} x
{—1},VA € [0, 1]. So Soly(.) fulfils all kinds of U-level closedness at O But Soly(.) is
not U-Hausdorff-upper-level closed at 0. Indeed, taking A, — 0 B=(— 2 2) X (—%, %),
Solj (Ag)=[—1, 1] x [~1, 1] € —intU, and Sol; (0) + B=(—3, —%) x (—3, —3) € —intU.

Being very different in general but under some connectedness assumptions the two solu-
tion sets coincide as follows.

Theorem 5.1 Assume that V(x,y) € Soli( g, o), Vx € S(x, ¥, Ag), Vx* € A(X, y, Ao),
Vy € T(x,y,x),Vy* € B(X, ¥y, o), F(x,y,x*, o), and G(y, X, y*, o) are arcwisely
connected and does not meet the boundary of —C. Then Sol>( g, o) = Sol1( g, 1o)-
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Proof We always have Sol» (1o, (o) < Solj (Ao, io). To see the reverse inclusion let (x, y) ¢
Solx (Ao, (o) then Ix € S(x, y, Ap), Ix* € A(X, ¥, Ag) such that,

3z1 € F(x, 7, x" o), z1 € —intC, (1)
ordy € T(x, ¥y, Ag), 3y* € B(X, ¥, Ao) such that,
3z} € G(y, X, y*10), 7} € —intC. (12)

Suppose that (X, y) € Sol; (1o, (o). Then, since F(x, y, x*, o) does not meet the boundary
of —C,3zp € F(x,y,x*, no)\(—C). Since F(x,y, x*, i) is arcwisely connected, there
exists a continuous mapping ¢ : [0, 1] — F(x, y, x*, uo) such that ¢(0) = z; and ¢(1) =
z2.Let T = {r € (0,1] : ¢([t,1]) € Z\(—C)} and ty) = inf T. Since z; € —intC there is
an open set A such that A N F(x, y, x*, wo) is arcwisely connected and z; € A € —intC.
Then o ' (AN F(x, 5, x*, o)) N T = @. Since 9~ (AN F(x, y, x*, 110)) is open in [0, 1],
it is of the form [0, #1). So it contains 0 and 0 < #; < fg. Similarly, #p < 1. Then, for all
large n, there is t, € (tg — %, to] such that ¢(t,) € —C. Then ¢(ty) € —C since t,, — 1y
and —C is closed. On the other hand, for all large n, there is #, € (to, to + %) such that
o(ty) € Z\(—C). So ¢(tp) € cl(Z\(—C)). Thus ¢(tp) is in the boundary of —C, contradict-
ing the fact that ¢(tp) € F(x, y, x*, uo). If (12) holds, we also have the same contradiction.

Hence Sol (Ag, no) = Soly (Ao, o). ]
The examples below ensure us the essentialness of the assumptions of Theorem 5.1.

Example 5.4 Let X, Y, Z, A,M,K,D,C, A, and B as in Example 5.1 and S(x, y,A) =
T(x,y,A) = [0,1], F(x,y,x*, 1) = {—x*,x*},G(y, x, y*, u) = {1}. It is clear that
Sol; (A) = [0, 1]x[0, 1], VA € Aand Sol, (1) = {0} x[0, 1], VA € A.Hence Sol; (Ao, o) #
Sola (X9, 140), the reason is that for (X, y) € Solj(A), x # 0, F(x, y, x*, 1) is not arcwisely
connected for some x € S(X, y, ), x* € A(X, y, L).

Example 5.5 LetX, Y, Z, A,M,K,D,C,S,T, A, B,and G as in Example 5.4 and F'(x, y,
x*, 1) = [—x*, x*]. Then Sol; (1) = [0, 1]x [0, 1], VA € Aand Sol,(A) = {0} x[0, 1], VA €
A.Hence Sol| (Ag, o) # Soly (Lo, ro), thereasonisthat for (x, y) € Sol; (1), F(x, y, x*, 1)
meets the boundary of —C.

6 Applications

Since symmetric quasiequilibrium problems contain many problems as special cases, includ-
ing quasiequilibrium problems, quasivariational inequalities, quasioptimization problems,
fixed point and coincidence point problems, complementarity problems, Nash equilibria
problems, etc, we can derive from theorems and corollaries in Sects. 3 and 4 consequences
for these special cases. In this section we discuss only some corollaries for a lower and
upper bounded quasiequilibrium problem as an example. This problem, for (A, u) € A x M,
consists of

(BQEP) finding x € S1(x, A) such that Vy € Si(x, 1),
a < f(x,y,pn) <8,

whereSl:KxA—>2X,f:K><K><M—>R,oz,,BeR:oz<,3.

@ Springer



556 J Glob Optim (2008) 41:539-558

Setting X =Y, Z=R, K =D,C =Ry,Sx,y,A) =T(x,y,A) = S1(x, 1), A(x, y,
A) = {x}, B(x,y,2) = {y} and

F(x7y’X*7M):f(X*vx7u’)_av (13)

G(yvivy*7u)::3_f(X*vy5/“L)v (]4)

problem (BQEP) becomes a case of problem (SQEP;) (or, the same, (SQEP»)).

Set E1 = {x € K | x € S(x,A)} and Sol(A, w) is solution set of (BQEP) at (A, ) €
A X M.

Let us now analyze the assumptions of the results in Sects. 3 and 4, applied to (BQEP).

For F and G given in (13) and (14) the condition that F' and G are (0, +00)-Isc at
(x0, Yo, o) become (in terms of f)

[y, yys iy) = (x0, Yo, iy, @ < f(x0, Yo, o) < Bl
= [Ty, a < f(xj5,y5, ny) < Bl
This property is naturally called the («, 8)-boundedness of f at (xg, yo, io)-
It is clear that F and G are R_-usc or R_-Husc become that f is (—o0, @) U (8, +00)-
bounded.
Similarly R, -inclusion properties in (iii;) and (iiiz) will be the following condition in
terms of f:
[(xy, Yy, ty) = (X0, Y0, Ho), @ = f (X0, Yo, o) < Bl
= [Fy.a = f(x5, y7, uy) < Bl,
which is called the [«, f]-boundedness of f at (xo, yo, /L0)-
Note that if f : X — R is continuous at x and «, 8 € R then f is both («, #)-bounded

and (—o0, a) U (B, +00)-bounded at x but f may be not [«, B]-bounded at x as shown by
the following example.

Example 6.1 Let X =Y = R, f(x) = x,a = 0,8 = 1,x9 = 0. It is clear that f is
continuous at 0 but f is not [0, 1]-bounded at 0. Indeed, let x;,, = —%, one has f(0) € [0, 1]
but £ (x4) € [0, 1], Vn.

Now Theorems 3.1-3.2 and Corollaries 3.1-3.2 derive the following four corollaries,
respectively.

Corollary 6.1 For problem (B QE P) assume that, for ) # U C X,

(i1) E1()\clU is lsc at ho;
(iiy) S is usc and compact valued in K x {Ao};
(iiif) fis (o, B)-bounded in K x K x {uo};
(ivy) foreach x € Sol(hg, o), Vy € S(x, 1), @ < f(x,y, no) < B.

Then Sol(., .) is U-lower-level closed at (Ao, [Lo).

Corollary 6.2 Assume (ii,)—(ivy) of Corollary 6.1. Assume further that
(i) E islsc at Ao.
Then Sol(., .) is Isc at (Lo, (0)-

Corollary 6.3 Assume (i;) and (iiy) as in Corollary 6.1 and replace (iiiy! ) and (ivy) by
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(iii1) f is [a, B]-bounded in K x K x {uo}.
Then Sol(., .) is U-lower-level closed at (Ao, [L0)-

Corollary 6.4 Assume (ii,) and (iiiy) as in Corollary 6.3 and replace (i;) by
(i) E islsc at ho.

Then Sol(., .) is Isc at (Lo, o).

The next four corollaries are direct consequences of Theorems 3.5-3.6 and Corollaries
3.5-3.6, respectively.

Corollary 6.5 Assume (iiy,), (iiif), and (ivy) of Corollary 6.1. Assume further, ford = U C
X, that

(i) E is Isc with respect to intU at g and E (Lo)\intU is compact;
(ii) S(.,., o) is Isc;
(iii) f(., ., Ao) is (—00, a) U (B, +00)-bounded in K x K.

Then Sol(., .) is U-Hausdorff-lower-level closed at (Ao, 110)-

Corollary 6.6 Assume all assumptions as in Corollary 6.5 but (i), and replace (i) by
(i") E isIsc at Ay and E (Lg) is compact.
Then Sol(., .) is Hlsc at (Ag.|L0).

Corollary 6.7 Assume all assumptions of Corollary 6.5 but (iii ll ) and (ivy). Assume further
that

(iiiy) f is [a, Bl-bounded in K x K x {uo}.
Then Sol(., .) is U-Hausdorff-lower-level closed at (Ao, [L0)-

Corollary 6.8 Assume all assumptions of Corollary 6.7 but (i), and replace (i) by
(i") E isIsc at Ay and E (Lg) is compact.
Then Sol(., .) is Hlsc at (Lo.1L0)-

It is easy to see that for the solution set of problem (BQEP) the upper semicontinuity and
Hausdorff upper semicontinuity coincide. The following two corollaries are direct conse-
quences of the results in Sect. 4.

Corollary 6.9 Assume that, for ) # U C X,

(iy) E()\—intU is usc and E(ro)\—intU is compact;
(ii) Sislscin K x {Ao};
@@iilt) fis (—oo, o) U (B, +00)-bounded in K x K x {uo}.

Then Sol(., .) is U-upper-level closed at (1g, (o).

Corollary 6.10 Assume (ii;) and (iii})) as in Corollary 6.9 and replace (i) by
(i},) E is usc and E(Ao) is compact.

Then Sol(., .) is both usc and closed at (\g, (o).
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